We determine the Christoffel's symbols for the Siegel-Jacobi ball endowed with the hermitian balanced metric. We study the equations of geodesics on the Siegel-Jacobi ball. We calculate the covariant derivative of one-forms in the variables in which it is expressed the balanced metric on the Siegel-Jacobi ball.
INTRODUCTION
The Jacobi group of index n, G J n , defined as the semidirect product of the symplectic group with Heisenberg group of appropriate dimension, is an interesting object in several branches of Mathematics and Physics, see references in [1] [2] [3] [4] [5] . G J n acts transitively on the homogeneous manifold associated with it, the Siegel-Jacobi ball D J n , a partially bounded domain, whose points are in C n ×D n , where D n denotes the Siegel ball. In fact, there is a real and a complex version of the Jacobi group, with factor group Sp(n, R), respectively Sp(n, R) C , while the associated manifold in the real case is the Siegel-Jacobi upper half plane X J n , whose points are in C n × X n , where X n is the Siegel upper half plane. The case of the Jacobi group of index n = 1 was considered in [6, 7] . There are generalizations of the Jacobi group and their associated homogeneous spaces [8] , where instead C n are considered spaces C mn , m, n ∈ N. There is an isomorphism between the complex and real version of the Jacobi group and the homogenous spaces associated to them [8, 9] . The present paper is mainly devoted to the complex version of the Jacobi group.
In [2, 9] we have determined the G J n -invariant metric on D J n and we have shown that it corresponds to the metric determined in the papers of J.-H. Yang [8] , generalizing the results of E. Kähler [10] and R. Berndt [7] in the case n = 1. We mention that the starting point of our approach in [2, 9] was the construction of coherent states (CS) [11] attached to the Jacobi group G J n , with support in D J n . The case n = 1 was Rom. Journ. Phys., Vol. 61, Nos. 7-8, P. 1137-1160, Bucharest, 2016 v.1.4*2016.9.28#d9d64c4b studied in [1] . What we have find starting from the construction of CS attached to G J n was the Kähler potential on D J n . In [5] we have underlined that the metric determined in [2, 9] is the balanced metric [12, 13] and we have determined the matrix h(z, W ) attached to the hermitian metric associated to the Kähler two-form ω D J n (z, W ), where z ∈ C n and W ∈ M (n, C) is a symmetric matrix describing points in D n . We have introduced [9] a useful variable η ∈ C n , such that if we make a change of variables (z, W ) = F C(η, W ), z = η − Wη, the metric on the Siegel-Jacobi ball expressed in (η, W ) separates as sum of the metric on C n and D n , i.e. the F C-transform is a Kähler homogeneous diffeomorphism and realizes the fundamental conjecture for the homogeneous Kähler manifold D J n [14, 15] . In [5] we have also determined the inverse matrix h −1 in the same variables.
In the present paper we use the results of [5] and calculate the Christoffel symbols on D J n . This allows us to write down explicitly the equations of geodesics on D J n . We are not able to integrate these equations, but we make some comments related to the geometric and physical meaning of the variables used. In order to clarify the physical meaning of the F C-transform, we use some notions concerning the CS, even that the present work is mainly a simple matrix calculation, where the CS does not appear explicitly. As a byproduct of the calculation of the Christofell symbols Γ on D J n , we also calculate the covariant derivatives D(d z) and D(d W ) (called in [16] holomorphic Γ-module connections associated to the Christoffel symbols) -this kind of calculation was done also in [17] in order to determine derivations of the Jacobi forms on X mn = X n × C mn . The reason to present the calculation of D(d z) and D(d W ) is to underline again the utility of the variables (η, W ) introduced in [2, 9] .
The paper is divided in two parts. In §2 are recalled some notations and concepts introduced in pervious works and used in the present paper. In §2.1 we present what we mean by Jacobi group in this paper, see details in [2, 9] . §2.2 recalls some simple facts about the CS defined by Perelomov [11] , in order to understand how the balanced metric was obtained in [5] . The formulae used for calculation of geodesics are recalled in §2.3. The geometry of D J 1 [1, 18] , summarized in §2.4, is a guide for the calculation to be done on D J n , especially Proposition 1, which gives equations of geodesics on the Siegel-Jacobi disk. §2.5 reproduces the results from [5] concerning the matrix of the balanced metric on D J n and is its inverse, the starting point of the present investigation -see Theorem 1. In Proposition 3 we extract from [5] some facts on the geometry of the Jacobi group and its action on the Siegel-Jacobi ball.
The new results of the present paper are contained in §3. The equations of geodesics in the variable z ∈ C n , W ∈ D n are given in §3.1, which also contains the calculation of Γ-s. Equations of geodesics are collected in Proposition 5 of §3.2, followed by a discussion about the significance of the result in the context of the F C-transform on D J n , which is shown to be not a geodesic mapping. It was proved [19] that for symmetric manifolds the F C-transform gives geodesics, but the studied Siegel-Jacobi ball is not a symmetric space. Section 3.3 summarizes our calculation of the covariant derivative of d z and d W . The appendix in §4 is dedicated to the equations of geodesics on D n deduced from equations of geodesics on X n . The new results of these paper are contained in Propositions 4, 5, 6 and 7.
Notation. We denote by R, C, Z, and N the field of real numbers, the field of complex numbers, the ring of integers, and the set of non-negative integers, respectively. We denote the imaginary unit √ −1 by i, and the Real and Imaginary part of a complex number by and respectively , i.e. we have for z ∈ C, z = z + i z, and z = z − i z. M (m × n, F) F mn denotes the set of all m × n matrices with entries in the field F. M (n × 1, F) is identified with F n . Set M (n, F) := M (n × n, F). For any A ∈ M n (F), A t denotes the transpose matrix of A. The identity matrix of degree n is denoted by 1 n and 0 n denotes the M (n, F)-matrix with all entries 0. For A ∈ M n (C),Ā denotes the conjugate matrix of A and A * =Ā t . For A ∈ M n (C), the inequality A > 0 means that A is positive definite. We consider a complex separable Hilbert space H endowed with a scalar product which is antilinear in the first argument, (λx, y) =λ(x, y), x, y ∈ H, λ ∈ C\0. If A is a linear operator, we denote by A † its adjoint. If π is a representation of a Lie group G on the Hilbert space H and g is the Lie algebra of G, we denote X := d π(X) for X ∈ g. We use Einstein convention that repeated indices are implicitly summed over.
PRELIMINARIES

THE JACOBI GROUP
The (complex) Jacobi group of index n is defined as the semidirect product G J n = H n Sp(n, R) C , where H n denotes the (2n+1)-dimensional Heisenberg group [2, 9, 20] , endowed with the composition law
α i ∈ C n , t i ∈ R and g i ∈ Sp(n, R) C , i = 1, 2 have the form (2)
and g × α = p α + qᾱ, and g −1 × α = p * α − q tᾱ . The matrices p, q ∈ M (n, C) have the properties
To the Jacobi group G J n it is associated a homogeneous manifold -the Siegel-Jacobi ball D J n [2] -whose points are in C n × D n , i.e. a partially-bounded space. 
For g ∈ Sp(n, R) C of the form (2), (3) and α, z ∈ C n , the transitive action (g, α) × (W, z) = (W 1 , z 1 ) of the Jacobi group G J n on the Siegel-Jacobi ball D J n is given by the formulae [2]
BALANCED METRIC AND COHERENT STATES
We consider a Kähler manifold M endowed with a Kähler-two form, locally written as
We consider a G-invariant Kähler two-form ω M (6) on the 2n-dimensional homogeneous manifold M = G/H derived from the Kähler potential f (z,z) [21] h αβ = ∂ 2 f ∂z α ∂z β .
The condition of the metric to be a Kählerian one is (cf. (6) p. 156 in [22] ) ∂h αβ ∂z γ = ∂h γβ ∂z α , α, β, γ = 1, . . . , n.
As was underlined in [23] for D J 1 and proved in [5] for D J n , the homogeneous hermitian metric determined in [1, 2, 9] is in fact a balanced metric, because it corresponds to the Kähler potential calculated as the scalar product of two CS-vectors f (z,z) = ln K M (z,z), K M (z,z) = (ez, ez).
We recall that in the approach of Perelomov [11] to CS it is supposed that there exists a continuous, unitary, irreducible representation π of a Lie group G on the separable complex Hilbert space H. The coherent vector mapping ϕ is defined locally (cf. [24, 25] ) ϕ : M →H, ϕ(z) = ez, whereH denotes the Hilbert space conjugate to H. We can introduce the normalized (unnormalized) vectors e x (respectively, e z ) defined on G/H e x = exp( where e 0 is the extremal weight vector of the representation π, ∆ + are the positive roots of the Lie algebra g of G, and X φ , φ ∈ ∆, are the generators. X + φ (X − φ ) corresponds to the positive (respectively, negative) generators. See details in [11, 25] .
Let us denote by F C the change of variables x → z in formula (10) such that
The reason for calling the transform (11) F C (fundamental conjecture) is explained later, see Proposition 2. We also recall that we have proved that for symmetric spaces the dependence z(t) = F C(tX) from (11) gives geodesics in M with the property that z(0) = p andż(0) = X [19] . Using Perelomov's CS vectors ez ∈H, z ∈ M we have considered [1, 2, 5, 9] Berezin's approach to quantization on Kähler manifolds, with the supercomplete set of vectors verifying the Parceval overcompletness identity [26] [27] [28] [29] 
Let us denote by H f the weighted Hilbert space of square integrable holomorphic functions on M , with weight e −f [30] 
In order to identify the Hilbert space H f defined by (14) with the Hilbert space F K space with scalar product (12) , it was introduced the so called -function [31] [32] [33] 
(15) If the Kähler metric on the complex manifold M is such that (z) is a positive constant, then the metric is called balanced. Donaldson [12] used this denomination for compact manifolds, then it was used in [13] for noncompact manifolds and later [34] in the context of Berezin quantization on homogeneous bounded domains and on homogeneous Kähler manifolds [35] .
The balanced hermitian metric of M in local coordinates is
GEODESICS ON KÄHLER MANIFOLDS
In terms of a local coordinate system x 1 , . . . , x n the equations of geodesics on a manifold M with linear connection with components of the linear connections Γ are (see e.g. Proposition 7.8 p. 145 in [36] )
The components Γ i jk of a Riemannian (Levi-Civitta) connection are obtained by solving the linear system (see e.g. [36] , p 160)
The connection matrix (form) θ = ∂ ln h (see §6 in [21] or §3.2 in [37] ) has the matrix elements:
The covariant derivative of a contravariant vector (one-form) is given by
If we take into account the hermiticity condition in (7) on the metric and the Kählerian restrictions (8) 
We introduce the convention
From (21), we have:
and we find for the Christoffel's symbols for the Kähler manifold, the formula
GEODESICS ON THE SIEGEL-JACOBI DISK
We recall some formulae describing the Jacobi group G J 1 and the geometry of the Siegel-Jacobi disk D J 1 [1, 18, 23] . The transitive action of the group
1 on the Siegel disk is given by the formulae: 
The balanced Kähler two-form ω kµ on D J 1 , G J 1 -invariant to the action (24), (25) , can be written as:
k indexes the positive discrete series of SU(1, 1) (2k ∈ N), while µ > 0 indexes the representations of the Heisenberg group. The matrix of the balanced metric (16) 
The inverse of the matrix (28) reads
If we introduce the notation
then we find
In the variables (z, w) ∈ (C, D 1 ) the equations of geodesics (17) read
The equations (21) which determine the Γ-symbols for the Siegel-Jacobi disk are From (33)- (35) or from (23), we get
With (28), we calculate easily the derivatives
Introducing (37) into (33)-(35), we finds for the Christoffel's symbols Γ-s the expressions
Proposition 1 The equations of geodesics on the Siegel-Jacobi ball corresponding to the metric defined by ω kµ (26) are
The connection matrix w D J
The covariant derivative of d z on D J 1 has the expression The covariant derivative of d w has the expression
BALANCED METRIC ON THE SIEGEL-JACOBI BALL
The Jacobi algebra is the the semi-direct sum g J n := h n sp(n, R) C [2, 9, 38] . The Heisenberg algebra h n is generated by the boson creation (respectively, annihilation) operators a i † , (a i ), and
K ±,0 ij are the generators of the sp(R) C algebra
h n is an ideal in g J n , and
Perelomov's CS vectors [11] associated to the group G J n with Lie algebra the Jacobi algebra g J n based the Siegel-Jacobi ball D J n have been defined as [2] e z,W = exp(X)e 0 , X :
The vector e 0 appearing in (46) verifies the relations a i e o = 0, i = 1, · · · , n; K + ij e 0 = 0, K − ij e 0 = 0, K 0 ij e 0 = k 4 δ ij e 0 , i, j = 1, . . . , n. (47)
The reproducing kernel K(z, W ) = (e z,W , e z,W ) kµ , z ∈ C n , W ∈ D n is 
The manifold D J n has the Kähler potential (51), f = log K, with K given by (48),
We use the following notation for the matrix of the hermitian metric on D J n :
We use the following convention: indices of z ∈ M (n × 1, C) are denoted with: i, j, k, l; indices of W = W t , W ∈ M (n, C) are denoted with: m, n, p, q, r, s, t, u, v.
We have determined the "inverse" h −1 of (52) such that
where ∆ is defined in (54) (see equation (4.5) in [9] ):
We use the notation
In [5] we have proved The matrix (52) of the hermitian metric on D J n has the matrix elements (57):
The "inverse" of the matrix with elements h k pqmn given by (57e) has the matrix elements
and we have m≤n h k pqmn k mnūv = ∆ uv pq .
The "inverse" h −1 of the metric matrix h which verifies (53), has the elements h 1h 4 given by
The determinant of the metric matrix h is
In the case n = 1 formulae (57), (60), (61) became the formulae (28), (29) , respectively (31), with 2k ↔ k 2 . Now we recall (see Proposition 4 in [9] , Lemma 2 and Proposition 3 in [18] , and Propositions 1 and 2 in [39] ) the significance of the change of coordinates (50) as a F C-transform in the language of coherent states and also in the context of fundamental conjecture for homogeneous Kähler manifolds of Gindikin-Vinberg [14] (see the proof in [15] ). Proposition 2 a) The change of coordinates (50) (z, W ) = F C(η, W ), z = η − Wη is a F C-transform in the meaning of (11).
where g ∈ Sp(n, R) C has the expression (2), W 1 is given by (5a), and
In the following proposition we collect several geometric properties of the Siegel-Jacobi group and its action on the Siegel-Jacobi ball (see Remark 4, Proposition 3 and Proposition 4 from [5] , where all the terms appearing in the enunciation below are explained). Proposition 3 i) The Jacobi group G J n is an unimodular, non-reductive, algebraic group of Harish-Chandra type.
ii) The Siegel-Jacobi domain D J n is a homogeneous reductive, non-symmetric manifold associated to the Jacobi group G J n by the generalized Harish-Chandra embedding.
iii) The homogeneous Kähler manifold D J n is contractible. iv) The Kähler potential of the Siegel-Jacobi ball is global. D J n is a Lu Qi-Keng manifold, with nowhere vanishing diastasis. v) The manifold D J n is a quantizable Kähler manifold. vi) The manifold D J n is projectively induced, and the Jacobi group G J n is a CS-type group. vii) The Siegel-Jacobi ball D J n is not an Einstein manifold with respect to the balanced metric attached to the Kähler two-form (56), but it is one with respect to the Bergman metric corresponding to the Bergman Kähler two-form. ix) The scalar curvature is constant and negative. In the case of the Siegel-Jacobi ball, the equations of geodesics (17) read
Equations (32) are a particular case of (63). The equations (21) which determine the Γ-symbols for the Siegel-Jacobi ball D J n are
(64) With formula (23), we have
Equations (67) for D J n generalize equations (36) for D J 1 . We shall use the formulae given in Theorem 1 for the matrix elements of the metric and its inverse and also some formulae (see (3.28) and (3.29) in [5] )
Now we want to calculate the partial derivatives which appear in (67), a gene- ralization of the partial derivatives (37) . We use (68) and (69) and we get
We have also ∂h µ mnrs ∂w pq = Υ pq mn f mn f rs f pq ,
where
In order to calculate Γ i pqmn with (67e), we calculate the first term 
We find
In (67f) we calculate firstly 
(80)
We have proved Proposition 4 The Christoffel's symbols of the Siegel-Jacobi ball D J n endowed with the balanced metric attached to the Kähler two-form (56) are
S i was defined in (60a), X was defined in (68a), Z i pqmn is given by (77), V pq mnuv is given by (81), Λ pq m is defined in (71), Ω i pqm is given by (75). Equations For the proof of the last assertion in Proposition 4, we have in the case case n = 1 the following relations:
2k corresponds in the case n = 1 to 2 k , i.e. = 1 2 λ.
EQUATIONS OF GEODESICS
Now we calculate the equations of geodesics (63). In order to calculate (63a), we find successively:
p≤q,m≤n
We write down (63a) as
Now we calculate (63b). We find successively
We write (63b) as
where 
We have
We get
where we have introduced the notation
We calculate
and we obtain
For
we get
as For (100) we obtain
We calculate the covariant derivative of the one form d z i with (20) as
We get successively
We get for (103) the expression 
We have proved Proposition 7 The connections matrix (92) on D J n , whose matrix elements are calculated with formulae (93), (96), (98) and (100), are given by (94), (97), (99), respectively (102).
The covariant derivative D(d z i ) (103) and D(d w pq ) (106) on the Siegel-Jacobi ball D J n are given by formulae (105), respectively (107), which generalize (41), respectively (42) on the Siegl-Jacobi disk D J 1 . The real Jacobi group of index n is defined as G J n (R) = H n (R) Sp(n, R), where H n (R) is the real Heisenberg group of real dimension (2n + 1) [9, 20] .
To the Jacobi group G J n (R) it is associated the homogeneous manifold -the Siegel-Jacobi upper half-plane -X J n ≈ C n × X n , where the Siegel upper half-plane X n = Sp(n, R)/U(n) is realized as X n := {V ∈ M (n, C)|V = S + i R, S, R ∈ M (n, R), R > 0, S t = S; R t = R}.
Siegel has determined the metric on X n , Sp(n, R)-invariant to the action (108)
a b c d ∈ Sp(n, R), (108) (see equation (2) in [41] or Theorem 3 at p. 644 in [42] ):
With the Cayley transform (110) 
(111b) is equation (3.2) in [8] and corresponds to ω Dn in (62). Equations of geodesics on the Siegel-upper half plane X n (see e.g. equation (39) in [41] or Theorem 11 in at p. 478 in [42] ) arë
The relation (111c) can be written as 
and we have Σ =W (1 n − WW ) −1 , i.e. Σ is our previous X defined in (68a) and equation (90) is retrieved. Note that the equation of geodesics on the Siegel ball D n has the same expression as on the noncompact Grassmannian SU(n, n)/S(U(n) × U(n)), see equation (6.13) in [43] .
